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ABSTRACT

This Internet Appendix provides proofs and derivations of results in
the main text, extensions to the models presented in Section I, as well

as additional empirical empirical tests.



I. Proofs and derivations of Section | in the
main text

This section contains the proofs and derivations of the results presented

in Section .

A.  Proof of Equation (1)

Let Ry.r, be the return of risky asset k£ from time ¢ to time 77 and
my 1, be the one-period SDF. We show that the conditional expected return
of risky assets can be expressed as the risk-neutral covariance between the
asset return and the inverse of the SDF m; . This result is not new, and
was derived in Equation (2) of Chabi-Yo and Loudis (2020).

The conditional expected return of asset k can be expressed using the

identity

(1)
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The ratio E?;—’?T defines the risk-neutral distribution. Hence, the Radon-
41

Nykodym theorem allows us to express the conditional expected return of

asset k£ as a function of moments under the risk-neutral measure:

Etmt,T1

= COV; ( 7Rk,t,T1> + Ryem, - (12)
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This identity is reminiscent of the well-known asset pricing equation in which
the expected excess return is negatively related to the covariance between the

return and the SDF under the physical measure.

B.  Proof of Equation (3)

We show that the inverse of the one-period SDF m, , can be expressed
as a function of the marginal utility of wealth and expectations under the
risk-neutral measure.

The representative agent’s optimization problem can be re-written as

wt le

max By (u [Wry]) = maxE, (maX Er, (u [WTN])) . (13)

Solving Problem (I3) backward, the first step is to solve

max Ep, (u[Wr,]). (14)

OJT1

Equation (I4) produces an optimal weight wf,, and the terminal wealth
achieved with this weight is W7 = Wp, (wjl Ry ). The corresponding

one-period SDF from time 7} to time T, mp 1, has the form
mr 1y = onu (Wi ] (I5)
Given the optimal value, wf, , the second step solves

max E (Er, (u[W5,])) - (I6)



This produces a one-period SDF from time ¢ to time T} of the form
mt’Tl = 5tET1 (ul [W;N] (M;IRTLTN)) . (17)

Equation (I7) gives us the constant d;:

o =mun, (En (v [W3,) (@Rnn))) (18)

Because parameter d; is a constant, we have §; = E;d;. We exploit the no-
arbitrage conditions that allow us to move from the physical measure to the

risk-neutral measure to obtain,

5, = E, (mt,Tl (Br, (v [W7,] (wi}IRThTN)»l)
- 2 o ) ) )
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= E, (mp)E! ((ETl (u Wi ] (wT RT17TN)>>1) ' (19)

Next, we replace ¢; by its expression in (I8) and obtain

Eimy _ 1/Er, (u/ [Wi;tzv} (W;IRTDTND ) (110)
me Ty E; (1/]ET1 (u/ [WZFN] (wC*FIRThTN)))
Similarly, we can use the SDF (I5) and show that
IEfT1TnT1,TN _ 1/ul [W;N} ) (111)

mr,Ty E% (1/ul [W;N})

Next, we write Er, (u' [W;N] (w;IRTLTN)) in (I10) as a function of risk-



neutral quantities:
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where we have used the no-arbitrage conditions to move from the physical
measure to the risk-neutral measure in the second equation, and Equation
(I11) to obtain the third equation.

We replace (I112) in (I10) to obtain
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Since there is no interest rate risk, 1/Rsp 1y = Ei(1/Rsmr 1y ), and (113)

simplifies to

B (u’[WtthTN])
T / B
Bomug NN . (114)
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Assume that the gross return on the market can be used as proxy for the

return on aggregate wealth:

Ryiery = V;N and Ry = WTN (115)
t T

_ , | (T16)
M1y E* [ B u [WfRf,t»TN]
t T\ W [WtRM,t,TN]

This ends the proof.

C. Proof of Equation (1)

We detail below the second-order expansion of the inverse of the marginal
utility, which we use to derive Proposition 1.

Define the function
n [(Wixoyo]

7 Wezy] | (17)

flr,yl =

with © = Ryemy, v = Rurirys To = Ryer and yo = Ry 1. Since we
assume no interest rate risk, Ry s7y = 2y and Ry 1y = ToYo.

We write the inverse of the SDF as

Eimyen, . E:}l (f [a:,y])

e B (B, (F [0,0]) (18)

We adopt the following short notations. First, we use f, and f, to denote



the first partial derivatives of the function f, f,, and f,, the second partial
derivatives, and f,, the cross-derivative, all evaluated at (zg,o). Second,
we denote as u', u', and u" the first, second, and third derivatives of u [

evaluated at (zg,yo). We perform a second-order Taylor expansion series of

[ la,y] around (z,y) = (2o, yo):

Pl ~ Lt g (@ —20) fot o (= w0) fy + o (2 = 20) o

1!
1 2
] (Y = 90)* fyy + 20 (= 20) (Y = Yo) fay, (119)
where
1 ”
fo= g (), (120)
ZTo i u
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W,
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ZoYo u ZoYo (u) (u")
n\ 2
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Implicit in this approach is the assumption that the expansion provides a

good local approximation in the neighborhood of (x,y) = (x9,0)."

I'The approximation may lose accuracy in the tails of the distribution. One possible
refinement would be to partition the support of x (and similarly y) into three regions:
the left tail, the center (which includes the safe return), and the right tail. This would
produce nine partitions in total, with a separate expansion in each region (as in Chabi-
Yo and Loudis (2024), in a static one-period model). While theoretically feasible, this
approach introduces up to nine parameters, which could be reduced to five if continuity
and differentiability of the inverse marginal utility are imposed. Although possible, the

empirical burden of additional parameters is substantial, so we leave this extension to



Note that f,, = f,,. Thus, we obtain,

fle,y] =~ 1+x—0;t($—$0)+%—t(y—yo)
1 . (1 _th> (x xo)z i 1 _ (1 _2,0t) (y —y0)2
(wo)” T Yo)o T
L /1 2(1—p)
+Fyo <;t + T—E) (z —0) (¥ — wo) , (123)

where 7y and p; are defined in Equations (7) and (8). Replacing z, x¢, y, and
Yo by their expressions and using preference parameters a;; and ag; defined

in (6), we obtain

Q1,t a
(Rarer — Rpemy) + 7
fit, 11 .11, TN

E7, (flz,y]) = 1+

_ Qo 2 gt
+ 3 (RM,t,T1 - Rf,t,Tl) + .
(Rre) (Rymmy)
ais + 2a .
+- 1,}% 2.t (Rt — Rpom) Er (Rumry — Rymomy) -
f7t7TN

Using the martingale condition £, (R ry — Rymry) = 0, (124) sim-

plifies to

. . (v WiRpn Ry,
ETlf[z7y]:ETl( [ tLf T fTTN]

: ~ 1+ 2p, 125
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where z7, is given by Equation (5). We then replace Equation (I125) in (I18)

to obtain Equation (4).

future research.

1t *
K% (Rvyry — Rymory)

QE;—& ((RM’T17TN - Rf7T1)TN)2)

(124)



D. Proof of Proposition 1

We use the expression for the SDF (1) derived in Section [.C, and plug it

in the expected return expression identity (1). We obtain

. 1+2
E: (Ryem — Rysmy) = COVY (RM,t,Tu HT?)
t ~T1

1 —f- 2T
~ COV; | R - R —
t ( M ,t, T IRNAE) 1 + E:ZTl >

. 1+ 2
~ K, ((RM,t,Tl — Rﬁm)ﬁ) (I26)
t 1

We then substitute (5) in (I26) and obtain the estimate for the market risk

premium in Equation (9).

E.  Model with multiple portfolio rebalancing times

The results presented in the previous subsections rely on the assumption
that the representative agent can rebalance their portfolio only at time T7.
We now relax this restriction and allow the agent to rebalance at discrete
times 7}, 1 < j < N. Gross market and risk-free returns between t and Ty,

with ¢t = Ty < T}, can be written as

N N
Ry = H RM,Tj—th and Rf7t7TN = H RﬁTj—l,Tj'
J=1

=1
Let us denote x; = Ry, 1, and zo; = Ryr,_, 1 A second-order Tay-

lor expansion-series of the inverse marginal utility around (zy,...,zN) =
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7 3301( 1 — To,1) %1( | — @1)° z,tj%l 7z, T (5 — xo5) . (127)

We replace expression (127) in (3) and plug it in (1), to derive the equity

risk premium in Equation (12).

F.  Comparison of the models of Chabi-Yo and Loudis (2020)
and Tetlock, McCoy, and Shah (2024)

In this subsection, we show that the SDF of Chabi-Yo and Loudis (2020)
nests as a special case the SDF of Tetlock, McCoy, and Shah (2024). This
result was also shown in parallel work by Vidal Nunes, Ruas, and Dias (2025).

In the model of Tetlock, McCoy, and Shah (2024), the representative
agent can trade the market as well as K — 1 derivatives securities, with
payoffs equal to the higher-order moments of the market returns. The excess
return on the market is EM,t,Tl = Ry, — Ry and the excess returns on
derivatives securities are éﬁu’ﬂ — cg, With ¢, = Ej} (é’f\/[’t’Tl).

Equation (9) of Tetlock, McCoy, and Shah (2024) gives the inverse SDF

as follows:

EtmtTl _ 1+Z

my ftT1

Wkt (fiég\/[,t,Tl - Ck> <128)

where wy ¢ are the weights of the growth-optimal portfolio, held by logarith-
mic investors.

In comparison, the SDF of Chabi-Yo and Loudis (2020) is given by Equa-

10



tions (13) and (21) in their paper, as

K ~ Dk
Emer L+ ap e By my

K ~
me T, 14> 0 Qgac

with

Q¢
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The SDF (129) can be expanded as

K _
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Setting the weights as follows:

Q¢
K~ ’
L+ ) riCh

wrt = Reem

we recover the SDF of Tetlock, McCoy, and Shah (2024).

(129)

(130)

(131)

(132)

The model of Tetlock, McCoy, and Shah (2024) allows for investors who

are not logarithmic investors. The complexity of these investors’ portfolios

determines the value of K. Consider K = 2, for illustration purposes. If

the weights wg for £ =1, ..., K are known (or computed) as it is the case in

Tetlock, McCoy, and Shah (2024), then the coefficients a;; can be recovered

from these weights and from the moments of market returns ¢;. The prefer-

ence parameters 7; and p; can be uniquely identified from these coefficients.

Conversely, if the preference parameters 7, and p, are known, a;; can be

11



recovered and the weights can be computed. The same reasoning extends to

any finite K > 2.

G. Link to the model of Crescini, Trojani, and Vedolin (2025)

In this subsection, we show that the SDFs of Chabi-Yo and Loudis (2020)
and Tetlock, McCoy, and Shah (2024) can be rewritten in the form of the
SDF used by Crescini, Trojani, and Vedolin (2025).

From the spanning formula of Carr and Madan (2001), ﬁﬁmt,Tlv for k > 1

can be written as a collection of calls and puts:

Rin = (Ruun — Rpgn)*
k—2
. k (kj - 1) fStRf,t,Tl <S£t B Rf7t7Tl) (STI - K)+ dK 3)
T SiRpery (K i +
+Js (& - Rpen) (K - Sp)" dK
where S; is the spot market price at time t.
Substituting (133) in (128) and (I31), it follows that T;Tl is a weighted

t,T1

sum of the excess market return, and payoffs of calls and puts (both tradable)
with maturity 77 and strike K. This SDF can thus be rewritten in form of

the SDF of Crescini, Trojani, and Vedolin (2025):

E /
—N ) 4 g'Re (134)

me,

where R¢ = R—1 contains the excess forward return of the index and options.
O0'R° is a weighted sum of the excess market return and payoffs of tradable

call and put options.

12



In the model of Crescini, Trojani, and Vedolin (2025), portfolio weights
are allowed to vary across investors: 6 = 6;, to reflect varying demand of
investors for the different assets. Logarithmic investors determine the SDF,
which has the same form as the one of Tetlock, McCoy, and Shah (2024)
and is a special case of Chabi-Yo and Loudis (2020). There is a mapping
between the coefficients ay ; of Chabi-Yo and Loudis (2020) and the investors
holdings in the vector 6 of Equation (I34). Therefore, the coefficients ay .

embed information on aggregate demand for options with maturity 77.

H. Our inverse SDF as a portfolio of options

We show below that in our setting, the inverse SDF can be written as a
portfolio of the market index and options with maturities 7} and Ty.

Our inverse SDF can be viewed as an extension of the inverse SDF's of
Chabi-Yo and Loudis (2020) in Equation (129), augmented with the condi-
tional risk-neutral variance of the market over [T, Ty, I\\/JI*(Q) We showed
in Appendices [.LF and I.G that the inverse SDF of Chabi-Yo and Loudis
(2020) can be expressed as a weighted sum of the excess market return and

*(k)
T

a collection of option payoffs maturing at 71. As My, 5 = E7, Eﬂ7T17TN for

k > 1 depends on future option prices, the spanning formula implies

- S k
k T
RMleyTN = <STN - Rf,ThTN)
1

00 +
k(k} — 1) fSTlRle T (ST1 Rle TN) (STN - K) dK
2
ST1 +fST1RfT1 TN (L . Rle TN) (K— STN)+ dK

Sy

(135)
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Thus

k
oo K
i) _ k=D Rpmre ) sy rpmn, (s_Tl - Rf,Tl,TN> Cry [K]dK
Th,TIn — S2 Sty Ryzy.1 K k
n +f0 Lo <E - Rf7T1,TN> PTN [K] dK

(136)

Y

where Cr, [K] and Pr, K] are the prices of call and put options with strike
K and maturity T. Therefore, our inverse SDF can be written as a weighted
sum of the excess market return, a collection of payoffs on calls and puts and
a set of payoffs from strategies that buy call and put options expiring at Ty
and sell them at T7. These strategies arise due to intertemporal hedging in
a multi-period economy. The loadings on these strategies, which depend on
the coefficients ay;, embed information on aggregate demand for strategies

that involve buying options with maturity T and selling them at 77.

II . Proofs and derivations of Section 1]

A.  Contribution of intertemporal hedging in the model of Ep-
stein and Zin (1989)

The structure imposed on the utility function, independent of the return
process, is central to deriving the implications of intertemporal hedging for
the equity risk premium. In this appendix, we detail how intertemporal
hedging contributes to the equity risk premium when assuming Epstein and
Zin (1989) utility.

Assuming that return on the wealth portfolio is equal to the market re-
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turn, the SDF takes the form

<l

L
may =0 (S42) " R, (1137)

where 4 is the discount factor, Cy 7, is the consumption between times ¢ and

Ty, 1 is the elasticity of intertemporal substitution (EIS), and

with v the risk aversion parameter.

Let us apply a Taylor-series expansion and use our methodology to demon-
strate that intertemporal hedging directly contributes to the equity risk pre-
mium.

Consider the return of investing in asset k& between ¢ and 7}, and in
the risk-free asset between T7 and Tn: Rym Rsr ry. Under no-arbitrage

conditions, the conditional expectation of this return can be expressed as

myT Etmt,T " Etmt,T
E, (Rk,t,TlRf,ThTN) = E < ~ NRk7t7T1 RﬁThTN) = Et (—NR’CJJH RﬁThTN)

]Etmt,TN My Ty

. . [Em
- Et (Rf,Tl,TNRk,t,TlETl (t—m)>

mt,TN

mt,TN

Emy 1
_ * * LN
- Rf7T1,TNEt (Rk,t,TlETl (

mt,TN

Therefore we have

E E
E, (Ry.r,) = E; (ka tmt’Tl) —E (Rk,t,TlE;;l (M» . (1139)

mt,T1 mt,TN
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The uniqueness of the SDF implies that:

Etmt,T1 — | (Etmt,TN)
— =E},

my 1y Mt Ty

(1140)

Let us now calculate the right handside of Equation (I140) using the

expression of the Epstein-Zin SDF:

Cir \
mt,TN = 69 (_gj )

<l
<l

C'TlaTN Rafl R@*l
Ct,Tl Mt Ty~ "M, Ty, TN

Thus,

0 0
1 _ 5 Cir \ ¥ ( Oy le—e Rl
- C, Cir Mt Th "M, Ty, TN
41

mt,TN

and

0 0
Eemyry, 1 50 (Ct,Tl) v <CT1,TN
Cy

Mt Ty Rfvt:TN

Using E; <Etm—tTN) =1 yields
N

m¢T

0 0
C v (C W
o (( étTl) < (2 ;N) Rt RM%M) = 0"Rpymy
A1

and hence

0 0
Com \ ¥ (Criy \ ¥ pl-0  pl-o
Eimi 1y . < Ct Crmy RMJ,TlRM,Tl,TN

0 0 :
M Tn E* Cery \ ¥ (Cryry \ ¥ R170 leﬁ
t Ct Cimy M, Ty "M,T1, TN
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(I141)

(1142)

(1143)

(1144)

(1145)



We then take the expectation at T7:

[ 0
Ciry \¥ (Cry,1 P 51—0 1—9
By ((%2)7 (S)” RiinR
. (Emyr, T Ci Cory Mty VM T Ty
t, TN * * 6,1 | ¥ T, Ty \ ¥ pl—0 1-6
E; (ETl (( Ci Cr1, Rarr Bty my
(1146)
0

[
. . Ciry \? (Cryry \ ¥ pl—0 1-6
Now, we perform an expansion series of ( &, G Mot Bar Ty

around’

( Ct,Tl CTl TN

; R RM,Tl,TN> = (L1, Rsemy, Remymy) - (1147)
Ct Ct,Tl

Taking the T}- conditional expectation of this expansion-series produces

0 0
. Corn \7 (Criry \ P 1 -
B ((7{) (Gt ) Rt i,
»41

C, C
= AO + Al (t—’Tl — 1) + A2 (E* Ty 1> + Ag (RM,t,Tl — Rf,t’ﬂ)

Ct i Ot,T1
CtT CtT C1T T,
Ag =% = 1) (Ruym — R As | —=+ - 1) (Ef,—+ —1
+ 4( C, >( Mt fom) + 5( C, ) ( Gy )
CTLTN * OTlaTN
+As | 5 — 1 (RM,t,T1 - Rf,t,Tl) + A7ET1 - 1 (RM’T“TN - Rf’Tl’TN)
Ct,T1 Ct,Tl

Cyr 2 Cnr ?
+ Ag (% — 1> + AgE;}1 < 2 1) + Ajp (RM,t,Tl - Rf7t,T1)2
t

+ AnEy (Rumry — Rimory ) (1148)

. . C Cr,, - . .
2 An expansion series around (IE;k < Ex CTtl 'TTIN JRevm, R f,Tl,TN) has similar impli-

cations.
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with

0

Ao =Ry5 R Av= Ay = SR R
A= (L= O) Ryl By, A== R RS
1= (1) R R S
e (0) ()
A= 50 -1 0R GRS A =50 DORYS R
(1149)

Hence the inverse SDF takes the form

Bemen, 21, (1150)

my EZF ZT1

with

Ct,T1
C

C, 1 C X . C )
(o) (S 1) (R, = Ryam) + Ctsfae) (S8 = 1) (5, e 1)

Cri 1
Zr, = 14 (A1/Ao) ( - 1) + (As/Ap) (IEi}l TIn _ 1) + (A3/Ao) (Rarer, — Ryamy)

Cr,

1

C
+ (A6/Ao) (Rarer, — Ry ) BT, ( Ty 1)

Cr,
* OTl,TN Ct7T1 ?
+ (A7/Ao) B, — 1) (Ru oy — Rymory) + (As/Ao) -1
Cr, Cy
. (Criry 2 5
+(Ao/Ao) B, | =5 = 1)+ (Aro/do) (Baremy = Rrem)
+ (A11/Ao) VAR*Tl (Ryvimyry) - (1151)

The Epstein—Zin formulation of the SDF (1141) directly produces an SDF
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expressed as a function of market returns and consumption growth, without

volatility playing any direct role. To highlight the impact of volatility on the

SDF, a structure is often imposed on the return process. In contrast, in our

approach, we do not impose any constraint on the return process. A Taylor-

series expansion of marginal utility makes it transparent how market volatil-

ity affects the SDF, through the term (A19/Ao) (Rarery, — Rysm)’- Similarly,

market volatility after 7 affects the SDF through the term (A;;/Ag) VART, (Rarmy 1y )-
Using this inverse SDF and applying (I2), the expected excess return on

the market is

COV* (Ry o1, 7
B (Rargn, — Ryam) = —o st Zn) (152
t “Ty

The effect of intertemporal hedging on the equity risk premium happens

through the term COV} (RM,LTI,VAR}1 (RM,TI,TN))- This effect is given by

All C@V: (RM,t,Tl ) VAR;H (RMle 7TN>)
A, E; Zr, ’

(1153)

with

AO 2 R?,TLTN 2 R%TLTN (w - 1)2

When 6 is between 0 and 1, (6 — 1) 6 < 0, and intertemporal hedging in-
creases the equity risk premium through (1153) if COV} (Rarer,, VARY, (Rarryry)) <
0.

In contrast, when (0 —1)0 > 0, intertemporal hedging decreases the
equity risk premium through (1153) if COV; (RM,LTI,VAR;I (RM,TLTN)) < 0.

This result holds true, in particular, when v > 1 and ¢ > 1, which implies
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that 6 is negative and A;; > 0.

B.  Contribution of intertemporal hedging in the model of Camp-
bell and Cochrane (1999)

In the model of Campbell and Cochrane (1999) with external habit for-

mation, consumption and wealth growth are linked through the surplus ratio

and the return on aggregate wealth:

— = —R 1155
Ct s Mt, TN ( )

where s; is the surplus consumption ratio at time ¢, and s, r, is the change
in surplus consumption ratio between ¢ and T (habit effect).
Plugging this relation into the Epstein-Zin SDF links the SDF directly to

market returns and habit dynamics:

<l

- _1_96
myr, = 0° (ﬂ) RL;,T;j, (1156)

St

Campbell and Cochrane (1999) show that this representation of the SDF pro-
duces countercyclical risk aversion and time-varying volatility premia consis-

tent with the data.
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Using the same steps as in Appendix Section II.A produces

Zr, =1+ (B1/Ap) (S;’Tl — 1) + (Ba/Ay) (E}l ShTy 1)

t S Ty

S
(B o) (R~ Ryan) + (BofAo) (22 = 1) (Ruam ~ Rper)

t

8 1 k S 1, * S 1,
+ (Bs/Ao) ( L 1) (ETl 7; o 1) + (Bs/Ao) (Rarery — Rrem) BT, ( N 1)

St i STy

STy St

I, 2
S s
+ (Br/Ao) E*l ( LiIN 1) (Rarmymy — Rpmomy) + (Bs/Ap) ( t,T1 1)

2
S
(B A Ef, (5~ 1) 4 (B o) (Ruam — Rpar)

T
+ (B11/A0) VARZ}I (Ryviyy) - (I157)
with
1-60+2 1-042 0 _1-6+2 1-6+9
Bo= Ry, ¢Rf,T1,TTw By= DBy = ERf,mleRf,ThTi?
9
0 —0+2 _1-042 0 (1 -0+ E) 1-0+2 _1-0+2
Bg == <1 - 9 + E) Rf,t,le Rf,TI,T’;Z:I7 B4 - B7 - w Rf,t,Tl wa,Tl,Tj)V
9
O\ 1612 1940 0 (1 —0+ E) _ .
Bs = <J) Rf,t,leRf,Tl,TTw Bs = b R},t,eTlR},T?,TN’
1/6 0 1-0+8 1-9+28 1 0 0 —60+8 1
B=B=5(g) (51 Rln R =g 1m0+ ) (0r f) R
1 0 0 1-60+2 9421
By = 5 (1 —0+ E) (—6 + E) Rf,t,T1¢Rf,T1,%N . (I158)

The contribution of intertemporal hedging to the equity risk premium hap-
pens through the term COV; (Rary7y, VARY, (Ras7y,1y))- This contribution

is given by
Bll C@V: (RM,t,Tl ) VAR}& (RMlezTN))
A, E; Zr, ’

(1159)
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with

0 0
Bu :}@_E_l) (9_E> 1y =1
A() 2 R?,Tl,TN 2 RZ,Tl,TN
Interestingly, the sign of 214 does not depend on v, which simplifies out

Ag

of the equation. Hence, in this model, assuming that the leverage effect
COV; (RMJ,TI,VAR}1 (RM,TLTN)) < 0, if v > 1, then y(y—1) > 0 and
hence intertemporal hedging decreases the equity risk premium through (1159).
If, in turn, v < 1, then intertemporal hedging increases the equity risk pre-

mium.

C.  Recursive utility with a general aggregator

In this section, we use a Taylor-series expansion to characterize the con-
tribution of intertemporal hedging to the total equity risk premium without
imposing a specific functional form on the aggregator and on the certainty
equivalent, as it is done by Epstein and Zin (1989, 1991). We show that the
direction of the relationship between intertemporal hedging and the equity
risk premium is dictated by the curvature properties of the aggregator and
certainty-equivalent functions. When both take a power form, the shape
of these functions is determined by a single parameter, and intertemporal
hedging reduces the equity risk premium under common preference parame-
ter calibrations. Epstein and Zin used power forms for tractability.

Plugging the functional forms (20) in (18) and (19), the Epstein—Zin

aggregator is given by

U, = ((1 ST B [Umnl—i) (1160)
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and the certainty equivalent p; [Up11] is

pe (U] = (Et [Utlﬁv])ﬁ :

(1161)

Both the certainty equivalent p, [U;11] and the aggregator U, take a Constant

Elasticity of Substitution (CES) form, similar to the CRRA specification.

Let us now consider the more general recursive preferences of Equations

(18)-(19), and assume that the functional forms of ¥ [.], ¢g[.], and v[.] are

not known and ¥ [.] # v [.]. Assuming regularity conditions on ¥ [.], ¢[.], and

v [.], the SDF over the period [t, T] is

g [Cny] V'[U] v [Ur,]
g [C] 0" [Uny] v (]
g [Cry] O[] v [Uny] _ const
g (G O [Uny] '] Zny

mt,TN X /6

g

with

Zry = g [C] V' [Uny] ' []
N g' [OTN] ¥ [Mt] v [UTN]

From Equation (I162) we have

*
const = myry Zry = Eymy 1y 21y = Bemy r B 21y

Hence
Eimiry 21y
- *
My Ty IEt Z Tn
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Now, use Equation (1140) to infer

*
Etmt,Tl ]Etmt,TN o ET1 ZTN

:E}

1 - * .
mem Mt Ty Ei Z1y

(1165)

Zrpy depends on Cr, and Ur,. Ur,, in turn, depends on the market return:

Ury = Ury (W] with Wp, = (Wy — Cy) Ryrery- A second order Taylor

N Wy ]

. . U
expansion-series of around wg = (W — Cy) Ry 1, produces

Ur, _ Usyfwol , (Wi = Cy) Ur, [wo] (W, — Cy)* Uy, [wo]

(Raery — Ryery )+

Kt Kt Mt 2%
——— ~ v ~ -
Aot Al A2,t

(1166)

which simplifies to

Ury

* * * 2
[ =1+ )‘l,t (RM,t,TN - Rf,t,TN) + Aoy (RM,t,TN - Rf,t,TN) (1167)
t

where R}, 7 and A}, are chosen so that Equations (1166) and (I167) match:*
)\it = Al,t - 2A2,t(Rf,t,TN - R}7t7TN) and

" )\l,t + \/)‘%,t — 4)\2,15()\0’15 — 1)
f’t:TN = Rf7t7TN - . (1168)
2X04

Now that we have rewritten Ur, as a function of Ryt 7 = R By 1y s

as a result, Zp, depends on (Cry, Ry Ry ry)- A second-order Taylor

3We assume that (I166) can be rewritten into (II67) for tractability. The matching
can be done if )\%t —4X2 (Mot — 1) > 0, A2 < 0 and the resulting R}, 1y = 0. If these
conditions are not satisfied, the calculations are more cumbersome but the same reasoning

holds.
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expansion-series of Zp, around (Cry, Ryemy, Ry ry) = (C’t, R?t,Tl, R}kﬂﬂ ,TN)

yields

% 2
Zry = 1+ H+A (RM,Tl,TN - Rf,ThTN)

= 1+ H+\(Ruzry — Rrmory + Rimy — Rigymy)” (1169)

where H contains all the terms of the expansion-series except A (R 1y — R f,Tl,TN)Q-

Since

]Eé“l ZTN =1+A (Rf7T17TN - R;,Tl,TN>2 +E}1H+ )‘]E}l (RM7T17TN - RﬁTl,TN)Q ’
(1170)

we have

* 2 * * 2
Etmt,TI _ {1 + A (Rf,ThTN - Rf,Tl,TN) + ETlH + )‘ETl (RM,ThTN - Rfle,TN) }

mt,T1

L+ A (Rf,TLTN - R},Tl,TN)Z
+EI (E% H) + )‘E: (E% (RM7T1,TN - Rf7T11TN)2)

Our goal is to determine A because the contribution of leverage to the eq-
uity risk premium is ACOV} (RM,t,TuE*Tl (Ryvry my — Rf,ThTN)Q). Let us set

(z,y) = (Raer, Rumyry) and (25, 45) = (R0 Ry )-
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2 v [UTN] 9 [UTN] v ] 2 [ v [u]
() () () o (v
A= — +

+2

2| PRy ORur 1y ORMT TN O*Rurry
(@)=(5v5)
(I171)
(" [UTN] L e R e T
1 i (Un)" + Ury = 279 0)” (umg]? (Uz,)
— — 7" 2 , //
2 UW[UTN]UI[,LLt} ’ 2 (v [UTN]) v ] / 2 v [UT ]’L),[/Lt] "
—— e (Uny) +2— Ury) — 752 U
T O o O ey O
79/// [pt] 2"9 [Mt} U [Mi] . [ ] ” [ ]
1 ' [pe] O[] V'] | (AITA vy
=3 " )\*2 + o 241
R ) N N L) 1t<mw o] )
2

\ V] ( gy (@)=(ap.u5)
pi)

v 11 1 1
= th__v_ﬂ+( A+ <U——ﬁ>k27t
(7}19 ) Ty Tt (Tt) ’ Ty Ty

where

"

S 17 S G 7 A S VCCR 17 SO Rl A R 11

7] T T W) T O T 2 (0 )’

"

The sign of ) is therefore determined by the four preference parameters 77,

7V, p? and pY, which capture the shape of the aggregator and the certainty
equivalent. A\ can be either positive or negative, depending on these four

parameters.
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In the case of Epstein-Zin utility,

U 1—3—7
I = (Ragymy )0 with £(7, ) = ——Y——and
Mt 1(1
¥ (w 7)
1

111 s w1 o Y+1
_:_7_1,:77p: andp: :

Ttﬁ (0 Ty ! i ! i

This implies that A only depends on two parameters, v and :

1(y+1)

2

4
G

1
29

)2

Using standard calibrations yields

v =10, =2 and A

>>£Owwf+(v

~ 180.5

v=10, ¢ =1 and A = 45.56

v =10, ¢ = 3 and A ~ 404.55.

(&

1) E(r) (E(raw) — 1)

(1173)

Since A > 0 in these calibrations, under Epstein Zin preferences, intertem-

poral hedging decreases the equity risk premium. But in the general case, A

as given by Equation (I172) is not constrained to be positive.

D. Recursive utility in the case of small departures from Epstein-

Zin utility

Assuming that regularity conditions are satisfied on g[.], ¥ [.] and v [.]

we now consider the case in which these functions are first-order departures
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from the power forms used in Epstein Zin utility. Let us denote

glzl = folgpz 2], Vz] = fo[Vpz [2]], v]z] = fo[vez ] (I74)

where Vg7, ggz and vgy are the function forms of Epstein Zin preferences,
given in Equation (20). Since Ugz[1] = 1, grz[1] = 1 and vgz [1] = 1, we
set g[1] =1, 9[1] =1 and v [1] = 1 as well for simplicity. Now let us revisit
the coefficient A derived in Equation (I171), which captures the contribution
of the leverage term to the equity risk premium. Notice that

9 (ﬂ/ [UTN]) 5 <f; 962 [Uny ]9 [UTN]>

9’ (] f:g [19EZ[M”19:EZ[W]

ORM T, Ty ORM Ty Ty
f3 Wez Ury )] (V2 [Ury])

2

fo Wez [Ury )] ¥y [Ury]

, , Up, + 225 : Uy,
Fy ez 1l gy ] Y Fy ez (] gy [ ™
Hence,
0 (19/ [UTN])
7l _ Unz ] fo Wez [l Vg bl e o 10y [ .
ORMT T fo 0ez [1]] Opz[m] M gy (] T
(@)= (=5.55)
1 1 1
= ———(1 =)\, — =] 1175
thﬂ( w) 1,t w 1,t ( )
where
% _ Upz [//Lt] fo DBz [p]] (1176)
i’ fo 0Bz (1]
Furthermore,
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£ 0p2lUn]) [0 [Uny]]° + 3 F5[0m2(Ur )] s [Uny 102 1Ur, ]
+ £ 02 (Ur, )] VialUn] | (U, )

?(F) | [ edOn ) Osln, ) + Hfealn,)) tstn] 0,
O*Rry 1y N I {9[19EZ [MtH izl
(1177)
Hence,
2 M i , 2 . "
J < O ] > _ fo Wz (1)) (Vg 1)) 2+ 3fp [Wez (1] Vg (1] 124 ()
O*Ryrry fo Wz []] ' fo Wz [1e]] ! b

(@y)=(=5.55)

gsz[Mt]) / Vg zl1] 79“/ [14¢] uf
o fé(ﬁEz[“t]) EZ[M]—'—P‘%E‘Z[ t] Aot 19Ez [114] (/\lt)

2(1—%)29519 B §<1 . l)L
- { S }(W

1 1
)

HOREnEI

ol — L fy oz ] £o [Pez ]
2 (fy Wez )’

with

(1179)
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Similarly,

Py [m[m]]vﬁlgzw
Folvez|Ury |[vpz [Ury]

ORM T, Ty ORIy
, , f2 ez [Un]] (Vi [Ury])* Upy
fy [0sz lad]) Uiz [ “,’EZ sl (”Ef V) "
+fy [VEZ [UTNH Vgz [UTN] UTN
- (£, [vs2 U] Vg [Un,])
and
o (}’l[_ﬂt]) ” "
Uy ] _ {UEZ [112] [, [VEZ [114]] n Vg (] b } \*
ORwM Ty Ty folvez (] U;EZ (18] bt
(@.9)=(x5u5)
— { G a-mafa (1180)
T

Recall that

o /U/ [1e] )
(v [UTN]

aRM 11, T

1"

fo ez Un )| Uz,

/

UEZ [UTN] U’}

fo vz ()l vpg (] -

= —f, ez [1e]] vz 1] (f [vsz [UTN]])2 fi[vez [Ury]]
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Hence

# ()
82RM,T1,TN
£ ez [Un)) vz [Uny] (Ur)” ;o ez [Un]]
AN R T,
(f2 ez [Un ) Vi [Ur,] (Ug,)”
(fy ez [Ury]])°
Uiz Uny) (Ury)” + Uy [Uny) Ug,
fi oz [Ury]] (Vg [Uny])?
£o ez Uny )] vy Uny) vy U] (Ury )
(f1 ez [Uzy]))* (Vg [Uny))®
Uiz [Uny) vz [Uny) v [Un,) (Urs,)°

folvez [Ury]] (Vg [UTN])4

- —f; [vEz [1]] 'U;:?Z (114

+2f, Bz ()] vy (1)

—fy ez (1] Vg (1]

+£y ez (] vy (1)

+2f, [vpz (1)) vy (1)

and
" 2
e ) — (v 2 11 gz ] / 2 (£ szl
(’” [Ury] _ (Viz lul) Flomaled] | 2 (vr7 1)) (fllvpzlud)’ (N,
O?Rurmy my +fL’[vgz[utnvgz[m] vﬁgz[utlvéz[ﬁ B v;;’z[m ’
(ij):(x(»;,ya) folvez(pnd] (’L)EZ[‘u,t]) (UEZ[,u.t])

) £ ez [1e]] B Uy (1]
* { ] folvez [pu]] (U;EZ [Mt]) } e
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which simplifies to

/ " 2
0? <M) (1 2 Wzl eglud] 2 (omzlf e zl)
32RU_[UTN] — (1=7) folvezlu] +2{1-7) (folvpzlu)’ 1
M1 Ty £l lopgludloszln] (1 _ 2 J
(i) pEe e () =)+ 2 =7 (v + 1)

N {_ (1— ) VEZ J[Cl,ttEUJj;;Z[i[i]Z] [14]] n 7} Dot

(1—7)° (1 - pf“) 1

= {2 5 — (A=) 2y =y (y+1) p N
fo T,
() t
1
T

with
Fvez(m] filvezlm]] ‘

1
2 (f ezl ) 2

Finally, we combine (I175), (I178), (II80), and (II81), we simplify (II71) and

pl =

obtain
1

A=5 (Diy+ D7) (Af)" + (D3 + D3,) A (1182)
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with

1 1 1
Dy = —y—+vy(—-1 +—<1+—)
fo
o 2(1_i)zp{ﬂ (1—7) (1 pt> 1 (3 7)(1_1>
) A ’
1 1 1 1
+ l—vy)——(1- — — (1 —=—=)(1—
(-5 ) ool =)
1 1\ 1
D;, = (1-— —(1==)——
o= g - (1-7)
1
D;, = ~v——.
3.t ,¢
Using standard parameters,

343
7:10,¢:2,D§’t:95andD6‘:T
7:10,¢=1,D§7t:9andD§:82

29 784
7:107¢:37D§7t:§andDS:—9,

In the case of Epstein Zin specification, %9 = T% =0 hence D}, = D3, =0.
Tt + ) )
As D3, and Dy are positive, A > 0. However, when D7, and D3, are different

from zero, one cannot conclude that A > 0.

E.  Bound for the equity risk premium (9)

Let us rewrite equation (119) without truncation:

Flaoyl =14 O (@ — 20)™ (y —10) ™" (I183)
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where

0 ! o"f (1184)
k m pum .
: Lk —m)! 9zm oyk—m
m! (k —m)! dz™ dy (20.30)
We h in particular = Zhi = oLt = ot =
e have, in particular, 61, = 77, 01 I 02,2 e 02,0
as.t ay¢+2a2 ¢
L— and fy; = BT
R%TLTN ’ RfvtyTN

The term that is truncated in the resulting second order expansion in

equation (124) is

00 k
> Ok (Ruren, — Rpam)™ By ((RM,Tl,TN - Rf,Tl,TN)k_m) . (1I85)

k=3 m=0

J

~
Priced risk factor

The 0y, k > 3, are functions of higher order preference coefficients. Thus,

in our equity risk premium estimate, the truncated part of the numerator is

00 k
S OkmE; ((RM,t,n — Rpem)™ " By ((RM,TI,TN - Rf,Tl,TN)k_m»

k=3 m=0

Vv
Risk premium associated to risk factor

(1186)

and in the denominator it is

ok
S OkmE; ((RM,t,Tl — Rpum)" Efy <(RM,T1,TN - Rf,Tl,TN)k_m» :
o (1187)
Let us assume that Assumptions | and 2 hold. Under these assumptions,
(I186) > 0 and (I187) < 0, i.e., the second-order equity risk premium estimate

in Equation (9) is in fact a lower bound to the equity risk premium.
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F.  FEquity risk premium in a multi-period model with consump-
tion

We now introduce consumption in the representative agent problem. We
assume that assumptions | and 2 are satisfied. In addition, we assume that
the consumption-wealth ratio is positively related to the market return, and
that the correlation of the square of the consumption wealth ratio and market
return is negative (condition reminiscent of market coskewness). We show
that under these conditions, our measure of expected excess return remains
a lower bound to the true expected excess return.

To proceed, we start by having the representative agent solve the problem

maxEt{ max {Epu [Wt,TN]}}, (1I88)

wt,Ct wTy Ty

where the terminal wealth is
Wt,TN = (1 — CTl) WT1 (w}lRTl,TN) Wlth WT1 = (1 — Ct) M/t (thRthl) <1189)

and ¢, is the consumption wealth ratio. As in the case without consumption,
the SDF is given by the identity (I18).

Let us define

cor, =1 —cpn) (1 —¢), (1190)
X = cGry Yy = RM,t,Tl, Z = RM,Tl,TN (1191)
xo = 1, Yo = Rsim, zo = Ry 1y (1192)
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and X = (x,y,z) and X = (X0,¥0,2%0).- Note that 0 < ccpy, < 1 since

0 <cp <1land 0 < ¢ < 1. Now, assume that the utility function is

well-behaved and admits high-order derivatives that exist. Denote W, =

Wt Rf7t7T1 Rf7T1 7TN and o
u [Wt,TN}

G=—
u [Wt,TN]

(1193)
A second-order Taylor expansion of G around X = X, gives

WtYOZOUN Wt,TN] WtZOU” Wt,TN}

G=1-(x— _(y— - (2
(x — xo) o [Wory] (¥ = ¥o) 7 Wi (z — o)
" " o= 2
+ = Wt2y0z0 (—u, Vo] + 2 (v [WtTN}Z ) x — %)
u WtTN] ( WtTN )
/// — 2
+ EWEZO [_t TNi| + Wt TN
2 u' Wt,TN] Wt TN
+ 1VVE}’(QJ ( v [WtTN} + v [_tTN > Z — Z
2 [Wt TN:| rt TN

Wt}’OU” [Wt,TN]

/// WtT j| ( WtT )2
+V[/2yxz2 [ al N (x —%o) (¥ — ¥o)
£ 7070%0 ( o Wt,TN] (v [WtTND2 ’ ’
*G *G
+( axaz>xzxo = x0) = ) + ay6z>xzxo (2 — 20) (5 — ¥o).
(1194)
Notice that
E7 (z —20) =0 (1195)
and
E7, (x —x0)(z—20) = (x—xXp) E7, (z —2z9) =0,
E;}l (z—20)(y —y0) = (¥y—Yo) IE*Tl (z —2z) =0. (1196)
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We use these expressions to compute vy, defined as in (3):

WtZOUH [Wt7TN:|

vy :]E}l UIVV—t’TN} —1— VVtYO/ZOU_N [thTN}
u [thTN}

1 2..2,.2 u” [WtTN} ( ’ [WtTND2> 2
Wiyozo 5 X — X
" Y ( |__tTN] " ( [WtTN )

)

u Wt,TN] Wt TN
e v Wary] | 20w rt TN
2 [Wt TN} u Wt TN

/// Wt T j| // rt . ) 2
4 W2 2 [ N N o o
L Yoxo%o ( W] | (0 [Woms])? e = xa) (¥ =)

T1

(1197)
which simplifies to
1 1—
vy, =1+ =%, (cop, — 1)+ (w{Riry — Rpemy) + ( Zpt) (cevr, — 1)2
Tt Tedvf ey Ti

(1 - Pt) 2 (]_ ) * 2
+ 2 R2 (ngt7T1 - Rf,tTl) + TEH (le RTl IN — RﬁTl,TN)
t fvtyTl f Tl TN
2(1—
+ (2 pt)E;—‘l (CCtTl - 1) (wz;rRt,T1 - Rf,t,Tl) . <1198)
T Ryem

We then use Rusy 1 = W Rir, Rumry = wp Ry 1y and express the ex-

pected value of vy, under the risk neutral measure as

Efvp, =1+ ;Et (cery, — 1) + ( 2pt)Et (ceyr, — 1)2

Ti

1= p) 1 s
Uy A =p) g

R, m o TR 1y 1y
2(1

+ MC@V* (ccerys Rarery) - (1199)
Ry,
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The expected excess market return is

]Etmt,T1 My

E; (Rarer, — Rya) Z:Hzt[ (Rartmy —-f%f¢gq)} (I1100)

my Etmt,T1

= E* —
t |: Mo, (RM,t,Tl Rf7t,T1):|
_ (C@V: [UTl, RM,t,Tl]

Etmt,T1

) 11101
Erur, (11101)
Observe that
. 1 . .
C@Vt [UTU RM,t,Tl] =1+ —C@Vt (CCtTl, RM,t,T1) —+ Mt,(%)
Tt TtRf,t,Tl
1-— 1 — .
+ —< 2pt)C@V: ((CCtTl — 1)2 N RM,t,T1> + #Mtﬁ?
T i Rf’t’T1
(1—pr)
———— Z 1LEV;
" TtQR?‘,Tl,TN H T
2(1—
#EI ((ceer, = 1) (Rarer, — Rpam)’) -
T Rf,t,Tl
(11102)

Notice that E} ((cctTl — 1) (wfRey, — Rf,tTl)Q) < 0 because ccyry, — 1 < 0.
In theory, each factor risk premium in vy, positively contributes to the
equity risk premium, therefore each term in (I1102) is positive. Thus one

should expect

COV; (ccery, Rarry) > 0 and COV; ((cerry, — 1), Rargry) < 0. (11103)

: Wi, —C
Since 1 —cp, = —H—+

is the fraction of wealth Wy, invested at 77, it follows
1
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that

C@V: (CCtTlv RM,t,Tl) = (1 — Ct) (C@V: (

* 2 2 * WT1 - CT1 2
COV; ((cctTl - 1) 7RM,t,T1) = (1 —¢)” COV, ———— | ,Rmm |-

The positive sign of COV; (ceiry, Rareq,) is motivated by the positive im-
pact of wealth-consumption ratio on the market expected excess return.
Conditions (IT103) are reminiscent of the dependence between the wealth-
consumption ratio and the return on the market under the physical measure.
Under the physical measure, the wealth-consumption ratio is positively corre-
lated to the market. Under Assumptions | and 2, and (IT1103), the covariance
COV; [ury, Rasery| is bounded:

i} 11 1 1 i}
(C@Vt [UTN RM,t7T1] > _Mt (T) MMt (Tl) + QLEV} MERUNE

St Tt RQ 41T R? T, TNTt
(11105)
Next, since ey < 1, we use (1199) and (I1103) to obtain
1 * ]' *
Efvp, <1+ EQ—MML%) + R&—iE M), . (I1106)
ftT1 LI 't
Therefore,
1 1
> . (11107)
* - (L—=pt) pr(2) (I=pt) mspg(®)
Et UTl 1 + R?t 1{)1 Mt T + R; T ;jv T E MTLTN

Combining (I1105) and (I1107), the expected excess return is bounded by our
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equity risk premium estimate:

1 1qg*(©2)
Rf,z,Tl Tt Mt,Tl +

(1—pt) *(2) (1—pt) *n*(2)
1+ L MtT1 + —R?‘Tl T E MTLTN

(1=pt) mr*(3) (1-p
R?t Tt Mt T1 —'I_ mLEVt Tl,T]\]

Et [RM,t,Tl - Rf,t,Tl] Z

(I1108)
This shows that under minimal conditions, our measure of expected excess
return is a bound on the true expected excess return when consumption is

taken into account.

G. Restricted bound (23)

Let us assume that Assumptions 3—4 hold. Under these conditions, a;; >

1 and as; < —1. Hence,
are o ox(2) 1 £(2)
— M > ——M 11109
Rf,t,Tl t,1Th — Rf,t,Tl t,T1 ( )
a2,t *(3 1 *(3
M) > M) (11110)
fit,Ty fit, T
1
2 ———LEV} Ty 2 72 —LEV} T Ty (I1111)
.11, TN fT1, TN

which shows that the numerator of (9) is larger than the numerator of (23).

Furthermore,

A2t o ox(2) —1 )
Q—Mt,ﬁ < 72 Mt,T1 (11112)
fit,Th f,t,T1
L EMY < EMG), (11113)
f,11,Tn £, TN

which shows that the denominator of (9) is smaller than the denominator of
(23).
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The inequality follows.

III1 . Estimation of moments

In this Section, we provide closed-form solutions to the risk-neutral and
physical moments used in our analysis. In many cases, we use the spanning
formula of Carr and Madan (2001) and Bakshi and Madan (2000) to eval-
uate the risk-neutral expected value of a twice-differentiable function of the

underlying asset price, H (Sr,) as

EfH [St] = H[SRpun]+EHs[SiRyi1] St (Rare, — Ryay)

[eS) StRf,t,Tl
+Rf,t,T1 / HSS’ [K] Ct [K] dK—i—/ HSS [K] Pt [K] dK ,
S, 0

Ryt

(1111)

where Hg and Hgg are the first and second derivative of function H(-), re-
spectively, and Cy[K| and P;[K] are the prices of call and put options with
strike K' and maturity 77 at time t. We evaluate the integral terms via nu-
merical integration using the 1,000-point moneyness grid described in Section

IV.B.

A.  Closed-form expressions for M;ﬁ’%) and M;ﬁ’%) [a]

k
Let us set H(x) = <S% - Rf,t,Tl) . To evaluate the risk-neutral moments
of order k, M;(Tkl), we plug H in Equation (III1). The risk-neutral moments

are therefore computed using call and put options with maturity 77.
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To compute the truncated moments Mz(ﬁl) la] = E; ((RM¢7T1 — Rpum)" Ly, <a5t>,

we use G(x) = H(x)1,<qs,. Equation (I111) simplifies to

aSt
M;k,(jlfl) [Oé] =H [OéSt] ]Pifk [ST1 < OéSt]—HS [CYSt] Rf,t,Tl Pt [OéSt]—i-Rf’t,Tl /0 HSS [K} Pt [K] dK.
(1112)
2)

B. Representation of M;(l T @8 a function of St

Let us decompose the variance of market returns between T} and T into
a portfolio of options, using the spanning formula of Carr and Madan (2001)

2
and Bakshi and Madan (2000) with H(z) = (i - Rf,Tl,TN> ;

Sty
M — g Sty R 2 1113
T1,TN - T1 g - f:leTN ( )
2R 0o Ry 1, 7a ST
_ 2y / CTI[K]quL/ U P K)AK
ST1 Rf,Tl,TNSTl 0
(1114)

where C7p,[K]| and Pp,[K] denote the prices of call and put options with
strike K" and maturity T at time 7;. For each value of K = K, Cp, [K] and
Pr, [K] can be expressed as functions of St,, Rypy 7y, Ty — T1 and o3y, (ko),
where o7, (ko) is the implied variance of the option at time 7;. The implied
variance is evaluated at the log-moneyness ko = In(Ko/Fr, 1), where Fr, 7,
is the forward price.

Consider, for example, the arbitrage-free stochastic volatility inspired
(raw) parameterization of the volatility surface proposed by Gatheral and

Jacquier (2014). It writes the total implied variance evaluated at the log-
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moneyness ko as a function of a set of parameters {a,b,&, m,c}:

o2, (ko) (Ty —T) = a + b <£(k0 —m) + (ko —m)? + 02) (I115)

where a € R, 6> 0, €| <1, m € R, 0 >0, and a + boy/1 — &2 > 0. Given
these parameters, the option prices Cr, [K] and Pr,[K] are thus functions of

Sr,.

C. Volatility dynamics implied by (32)

To show that our formulation (32) is different from the GARCH (1,1)

model, we use the closed-form expression of 61, 1, displayed in (35) to obtain
*(2 *(4 *(3 *(2
Mt,(TJZI - 0T17TNMt,(Tl) +2Rf7t,T1 0T17TNMt,(T1) +R3‘,T1,TN (HTLTN + 1) Mt,(Tl)' (IHG)

This proves that M:(sz)v differs from the GARCH dynamics. To check similar-
ities with the GARCH process, let us assume for illustration purposes that

2
M;?) = 0 and M) = 3 (Mjfﬁf) . Then
*(2 *(2 2 *(2
M) = 3071, (ML) + Ry Oz + DM (1TI7)

The propagation of volatility is therefore quadratic in the current variance,

unlike the affine GARCH recursion in which it is linear.
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D. Closed-form expressions for E*MT@) T and LEV; T,

la

To compute the risk neutral quantities, we use an approach similar to

(32) by considering the decomposition:

M . = 0r 1 (Ruer, o — Ryory o) + 01, (I118)

]17

with E* (77ij1 |RM¢,TJ.71) = 0. The loadings GijhT]. can be computed at time

t from options with maturities 7;_; and 7}:

*(2) *(2)
Mt T Rf T] 1,7, Mt,Tj_l

_ : - (1119)
E; (RM,t,Tj71 (RMzt»ijl - Rf7t7Tj*1) )

Or;_, 1

Our objective is to calculate the moments [E; ((RM,t,Tl Ry, Tl)kM Ty0,T J) .
For k = 0, we obtain Ef (I\\/JI*TE,ZJMTJ,) which appears in the denominator of the
equity risk premium and of the physical variance. For £k = 1, we obtain the
additional term in the numerator of the equity risk premium, which arises
due to intertemporal hedging. For k = 2, we obtain the additional term in

the physical variance.

If T;_y =T, using (I1I8) we get
on ((RM,t,Tl . Rf,t,Tl)’fM*Tf)Tj) = O, 1, M52 (II110)
For T;_y > 1, using (I1I8) and

M;E%)Tj_l =01, (Rarery — Rper)” +nny with E; (95| Rarery) =0,
(I1T11)
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we obtain

* *(2 *(k+4) *(k+3 *(k+2
E; <(RM,t,T1 - Rfﬂf,Tl)kMTg_)l,Tj) = Ong 01,1 (Mt,(Tl +2Rp My + RY, 1 MY, )>

+0r, 1 R MR (11112)
For k = 0, (11112) collapses to
E;M;Y o= 0r_, n, M) (I1113)
For k =1,

* % * 2
LEVt,ijl,Tj — Et ((RM,t,Tl Rf t Tl) 5 )1 T; )
= 0 0 M%) 4 26 Ry MY 4+ (Op, 1 R%, 7 + R M)
Ty, \ V1 My 7Ty My 01 FT, ) LT )

(11114)

For k = 2,

* *(2 *(6) *(5 *(4
E; <(RM,t,T1 - Rf,t,T1)2MT(j_)1,Tj> =011, 01, 1, (M %+ 2Ry M) + RY M) )

+ 01, 1, R MY (II115)

E.  Closed-form expression of E; (M;E,Q_)th]‘RM,t,T1<a>

If T;_; = Ty, using (I1I8) we obtain

E* |:M*52)1 T; ]]‘RM,t,Tl <Oé} 9T1 T} M:(;l) [ ] (11116)
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In the model with single rebalancing time, 7; = T'v and the intertemporal

hedging component of the probability of a crash is given by
E; (M;) Inn<a) = Ora MGG [a]. itky
If T;_y > T}, we obtain

* *(2) _ * 2
]Et [MTj,l,Tj ]leI,t,T1<a] - eijth]Et [(RM,t,TjA - Rf:tyijl) ILRM,t,T1<a

/

*(0
+R2, . MY [of
1

*(4 *(3
eTl,qu (Mt,(Tl) [a] + 2Rf,t7T1 I\\/[[t,(T

= 9Tj,17Tj
—2Rypim  Rymom (M:,(%l) [a] + Rypm M

*(0
+R?,t,Tj, 1 Mt,(Tl) [Oé]

(I1118)

IV . Out-of-sample performance over the
sample used in Tetlock, McCoy, and
Shah (2024)

In this section, we reproduce the out-of-sample performance results but
on the sample from 1997 to 2021. Table [AI presents the summary statistics

of the data over this time period and Table TAII reports the out-of-sample

46

. *(2)
Et (R?W,t,’fi ]]'R]M,t,Tl <« (MTl,Tj,1 + R?C,Tl ,Tj,1> )

_ * *(0
- eTj—l’Tj _2Rf7t7Tj71Rf7T1,Tj71 <Mt,(’_ll‘1) [O‘} + Rfi,TlMt,(Tl) [Oé])

(0)
T

*(2 *(1 *(0
+R?,T1,Tj,1 <Mt(T1) [a] + 2Ry m Mt(Tl) [a] + R?‘,t,TlMt,(Tl)

o))

*(2
o] + B3, M; o]

o))




prediction performance.
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V . Validity and tightness tests

We follow the methodology of Back, Crotty, and Kazempour (2022) and
test for the validity and tightness of these bounds. We recall below the
methodology.

The test is based on the set of inequalities

Et[((RM,t,Tl - Rf,t,Tl) - fM,t,Tl)Zt] >0

for a vector z; of nonnegative conditioning variables in the time-t information
set. Back, Crotty, and Kazempour (2022) refer to ((Rarery —Rpemy) —Taer)
as realized slackness. We consider 741, € {RPtZ‘ff , RPy 7, RP 1, 17} The
vector z; contains variables from Welch and Goyal (2008): Dividend Price
Ratio (defined as the difference between the log of dividends and the log
of the S&P 500 index price level, plus 5 to ensure a positive conditioning
variable); Earnings Price Ratio (defined as the difference between the log
of earnings and the log of the S&P 500 index price level, plus 5 to ensure
a positive conditioning variable); Book-to-Market Ratio (the ratio of book
value to market value for the Dow Jones Industrial Average); T-bill Rate
(the 3-month Treasury bill rate); 1 + Term Spread (defined as the difference
between the long-term yield from Ibbotson’s and the 3-month T-bill rate,
plus 1 to ensure a positive conditioning variable); Credit Spread (defined
as difference between BAA and AAA-rated corporate bond yields); Stock
Variance (defined as the sum of squared daily returns on the S&P 500); 1

+ Net Equity Issuance (the ratio of 12-month moving sums of net issues by
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NYSE-listed stocks to the total end-of-year market capitalizations of NYSE
stocks, plus 1 to ensure a positive conditioning variable); 1 + Inflation (the
Consumer Price Index, plus 1 to ensure a positive conditioning variable).

Denote by A¢ the population mean of E,[((Ryur — Rpen) — Ty )2)-
To evaluate a bound’s validity, we test the null hypothesis Ay > 0 against
the alternative that )y is unrestricted. To test tightness, we test the null
hypothesis Ay = 0 against the alternative that Ay > 0.

Let A denote the sample mean of ((Rurs1, — Rpemy) — Farery )z, and ¥

its sample covariance. Validity is tested using the statistic Dy, defined as

Dy = min(A — )X 1A = N) (V19)

A>0

Under the null that \g > 0, Back, Crotty, and Kazempour (2022) show that
Dy is asymptotically distributed as a mixture of chi-square distributions.

Under validity, tightness is tested using the statistic
Dy = NS 1A, (V20)

where A is the vector of A which reaches the minimum in equation (V19).
Under the null that Ay = 0, D5 is also asymptotically distributed as a mixture
of chi-square distributions.

Following Back, Crotty, and Kazempour (2022), we calculate finite sample
p— values using Monte-Carlo simulations.

Table TAIII reports the results, for investment horizons T of one and

two years. The statistic D, is zero for RPtLj‘flg and for RP, 7, for most forecast

o1



horizons T4. It is positive for RP; 1, 1, and RP, 1, 2y, but always below the
10% critical value. Validity is therefore never rejected. The statistic Dy
is the largest for RPtZ'ff , smaller for RP, 1, , and even smaller for RP; 1, 1,
and RP, 7, 2,. Tightness is rejected for all bounds, except for RP, 1, 1, and

RP, 1, 9y at T} = 10 days.
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Table TAIII
Validity and tightness tests

We report test statistics for bound validity and bound tightness for different equity risk pre-
mium bounds. The test statistics D1 and D5 are defined in equation (V19) and (V20). The
sample moments are means of weekly realized slackness and weekly realized slackness inter-
acted with each of the variables from Welch and Goyal (2008) in 2z;. The p-values are based
on 100 Monte-Carlo simulations. Data are weekly from January 1996 to February 2023.

RP/Y RP; 1, RP;1, 1y RPy1, 2y
Panel A: One week
Dy 0.00 0.00 0.41 1.44
p-value for validity 0.98 0.94 0.78 0.51
Do 15.19 15.00 6.66 4.34
p-value for tightness 0.05 0.05 0.54 0.79
Panel B: One month
D, 0.00 0.66 2.09 4.24
p-value for validity 0.85 0.61 0.36 0.15
Dy 82.60 76.53 67.29 62.62
p-value for tightness 0.00 0.00 0.00 0.00
Panel C: Two months
D, 0.00 0.00 1.26 3.26
p-value for validity 0.86 0.87 0.46 0.18
Dy 225.41 221.85 195.53 175.32
p-value for tightness 0.00 0.00 0.00 0.00
Panel D: One quarter
Dy 0.00 0.00 0.87 2.66
p-value for validity 0.83 0.75 0.45 0.24
Do 405.06 395.76 356.34 320.61
p-value for tightness 0.00 0.00 0.00 0.00
Panel E: Siz months
Dy 0.00 0.00 1.00 2.48
p-value for validity 0.80 0.81 0.42 0.21
Dy 707.61 680.64 619.65 561.45
p-value for tightness 0.00 0.00 0.00 0.00
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VI . Higher-order expansion

In this section, we investigate how higher-order moments contribute to
the equity risk premium. We show that increasing the order of the approxi-
mation, thereby allowing for kurtosis preference, generates additional terms
that contribute to the equity risk premium. For simplicity of notation, we
assume that there is a single rebalancing date at 77, but all the derivations

can be extended in a straightforward way to multiple rebalancing dates.

A.  One-period SDF

Under no-arbitrage assumptions, a third-order Taylor expansion-series

produces a one-period SDF in a three-date (two-period) economy of the form

Etmt,Tl —~ 1 + ZTl _'_ 271{'1

o , (VI1)
my T, E; (1 + 2 + z%l)
where
ayy A2t a3
om =g (RM,t,Tl—Rf,t,T1)+R2—(RM,t,T1—Rf,t,Tl)QJr 7 (Rarer—Rypem),
ST ft.T ft.Th
o Qoy *(2) as,t (3) a3t #(2)
zfquﬁ - 2 MT1,TN+ 3 MTLTN_'_R R (RM,t,Tl_Rf,t,Tl)MThTN'
11T fT1,TN FT A e T Ty VI2)
VI2
The coefficients are given by
a1 = i A2t = (1—_2m)7 azy = M, (VI?’)

Tt
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and a3, = 2as; + 3ag,. The risk aversion and skewness preference param-
eters are given by equations (7) and (8). The kurtosis tolerance parameters

is given by

o 1u WiRp] () WeRyer )’ (V14)
1 .
3] (u® [Wi R 1))

Proof. Consider the partial derivatives

9 (Wt.IOyQU”) 2 u/// u/
fac:cy 2 N2 2 - "\ 2
(o) "m0 (u) (u”)
1 W 3 o1 " W "\ 3
+ 6( txoyO)/ :;u uu _ (Wtajoyo)?) u_/ _ 6 ( txo/yo3u ) ,
(o)™ o (u) u (u)
" 1 7”3
f = y_g’ = 1 G(Wtivoyo)g uuo (Vthiﬁoyo)3 u- 6(thoyo)3 (“ /)\71 )
TTr xg yyy (xo)?) (ul)Q u’ (u/)S \

A third order Taylor expansion-series yields

fleyyl = flzyf™

1 (ke +1—=2p) 1 (ke +1—2p)

(350)3 3 (x — ﬂvo)3 + (yo)g P (v — yo)3
b (R B0 ) o -
by (A A B (g (o - iyt
where f [z, y]2nd is the second order Taylor expansion-series in Equation (123).

Replacing z, ¢, y, and yo by their expressions and using preference pa-
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rameters aj, as, and ag defined in Equation (VI3), we obtain,

% ay, 1.t
]ETI (f [xv y]) = 1+ : (RM,t:Tl - Rfvt:Tl) + R (RfleyTN - RfyTl»TN)
f.t,11 AN,

as ¢ 2 ast
+—"—= (R — Rpen)" + ————
(Rpem) (Rym 1)
ar: + 2a9
% (Ryer — Rpem) (Rpm oy — Rymory)
fit, 1o
as ¢ 3 ast
+—73 (RM,t,Tl - Rf,t,Tl) + :
(Ryem) (Rymry)
2&2,15 + 3@37t )
5 (Rmer — Rper)” (Remry — Remory)
(Rf,HTl) Rf,TLTN
2a9,; + 3asz

Ryer (Rym y)

which gives the desired result when interest rates are deterministic.

]

When (VI2) is removed from the SDF specification (VI1), which corre-
sponds to a static SDF in a one-period economy, the equity risk premium
reduces to the expected excess return of Chabi-Yo and Loudis (2020). We
refer to their bound to as RP{.

Using this third-order expansion, we next derive the equity risk premium.

B.  Equity risk premium

With the third-order Taylor expansion-series approach, Equation (VI1)
depends on new terms such as risk-neutral skewness and cross-term between
risk-neutral volatility and market excess return, in addition to risk-neutral
variance. These terms introduce additional high-order leverage effects in the

expected excess return decomposition. To find a closed-form expression for
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SE (Runry — Remy)?)

3E;—‘1 ((RM)TlvTN - Rf7T17TN>3)

QE;H ((RM’TLTN - RﬂTl,TN)Q) (RM,t,T1 - Rf7t,T1) (VI7)



the equity risk premium in terms of risk-neutral moments and high-order
leverages, we first define high-order leverage effects under the risk-neutral

measure as:

LES; sz, = COV; (Ruor — Rpor, My, ) (VIS)
LEK; 7,7, = COV; ((Raan — Rpor) M ) (VI9)

We then show how the equity risk premium depends on these terms in the

following Proposition.

Proposition 1: Up to the third-order Taylor expansion-series of the inverse
marginal utility, the one-period expected excess market return obeys the fol-

lowing decomposition

R+ B+ na) 4

Rf t, T t Tl R3
f,t,T1
E, (RM,t,Tl - Rf,t7T1) )
k) a3,
1 + ak,t ‘|— ak t M*( + —LEV
Z R t Tl 2:2 f . Ty T1, TN Ryt Rfc T t, 171, TN
(VI10)

where the intertemporal hedging component IHg’g,TN 1S given by

r as.¢ " a23¢ . #(2) e+ (2)
[HY = 22 1 Rvy, . 42 [ES +—<LEKTT +MOEM )
t’ o RleaTN ' e R.:;7T17TN ' Rf’t7T1R?7T1’TN t,(\l/iIN ) t7T1 | T17TN
1

g3t = 2ag; + 3az, and the risk-neutral quantities LEV; 7 o, Mi}g’?pj, LES;
and LEKS 7, 7. are defined in Equations (10), (11), (VI8), and (VI19), re-

spectively.
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Proof. Using the inverse SDF (VI1), we obtain

E, (Rt,T1 - Rfvt’Tl) = COV; (1 + Efzp + Ejf2¥
t <11 t =T

COV; (21, rmem) + COVY (2%17TM7t1T1)
14+ Efzp + Ef2p, ’

1+ zp, + 2%
h o ) (RM,t,Tl - Rf7t7T1)>
1

Setting rae, = Ry — Ryer and using (VILA) and (VI2), it follows that

a?t

Efzr, = ——Er} M T R E*TM,t,Tl
f:tyTl f7t7T1
" @2 it * ast " a23¢ "
Eizy, = EMT(I;N+R EMTE)TN+R > EthTIMQﬁ;z
le,TN f,11,Tn fE TV T Ty

Furthermore,

* a1t * * as *
Ef2ry (Raery — Ryery) R E; TJZ\/[,t,Tl + 05— E thTl + 3—Et T%/I,t,Tl
6,1 f t, 11 ft, 71
a1t %(2) *(3) as,t *(4)
= ——M, v + ="—M, 7+ ——"—M VI13
R.ﬁt,Tl t, 11 Rf LTy t, 11 R%LTI t, 71 ( )
and
E;#, (Buen, = Ram) = 7 —COV; (rage,, MiP, ) + 25— COV; (raser, M, )
£,1T1,Tn £,T1,TN
2.3 ¢ * #(2) vk k(2
R (COV; (31 Mi, ) + MEEME ), )(VILY)
adl L1, 4N
This ends the proof. O

Furthermore, under Assumptions | and 2, our measure of the equity risk
premium remains a lower bound for expected future market returns. The

proof is similar to the one in the case of the second order approximation, see
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Appendix [L.E.

C. Physical variance

PROPOSITION IA1: Up to a third-order expansion-series, under no-arbitrage
conditions, the conditional variance of returns under the physical measure is

a function of risk neutral return moments:

Var, = E, (RM,t,T1 - EtRM,t,T1)2

=By (Ruym, — Rpom)” — B (Rurun, — Ryam))’ (VI15)

where By (Ryremy, — Ryemy) s given by Equation (VI10) and

2) ai; *(3) a, ¢ *(4) a3, *#(5)
M e ppr®) | _aze ppr@) L _ase gy
t,T1 Ry~ T R?‘,t,Tl t,T1 R?‘,t,Tl t,T1

e (s B,

T, TN
as,t * 2n*(3)
+R3 Et ((RM,t,T1 - Rf,t,Tl) MTl,TN
f,T1, TN
a3t * 3nr(2)
+R R2 Et ((RM7t7T1 - Rf7t,T1) MT1 Ty
E R R 2 6T T Ty ’
¢ (Baven — Rpen)” = o) 5 .
1+ 2 M) + 2 ML) + 2 —EfM;
R?%Tl t, 11 R?‘,t,Tl t, 11 R?‘,Tl,TN =T, Ty
as,t *r*(3) a2.3.t * *(2)
4 M + 2% R’ ((Rarer, — R )M
R?!TLTN t YA Ty Rf»t’TlR?”,Tl,TN t ( 1 fit, 1) T, TN

(VI16)

Proof. The result follows from applying the third-order approximation of

Equation (VI1) and substituting it into

]Etmt,T1

E¢ (Rarer, — Rpam)? = By ( (R — Rf,t,Tl)Q) : (VI17)

mt7T1
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D. Conditional crash probability

We next express the conditional probability of a crash using a third-
order Taylor expansion series for the inverse marginal utility. To derive this

probability, we define additional truncated moments as

* * *(3
Mt,s [a] = IEt <MT(1,%“N]]'RM¢,T1 <O¢> ) (V118)
M;fk,sv [Oé] = E: <TM¢7T1M;(12,’_)TN1RM¢,T1 <Oé) . (VIlg)

Proposition 2: Up to the third-order expansion-series of the inverse marginal
utility, the conditional crash probability, TP 1 o] = Py (Ryer < @), in a

two-period (three-date) economy is

*0 g ¢ k
£H+23ktﬁm

fit, Ty

oMy o] + M o] + M, [of

2 3 )
[p3rd Rf T, Txn Rf T1. Ty Reer R py o DY
t,T1, Ty [a] = © o
2
14+ kst Vb S e vt 2 pep M,
E t T1 Z f Ty, TN T, TN Rf,t,Tl R%sTlaTN t UMt T T, TN

(VI20)

where ag 3 = 2a2,; + 3as,.

Proof. The probability of crash is

Em

3rd * t t T1

Ht,Tl,TN[ ] E ( :[I‘RMiT1<a
my N
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We then replace the inverse SDF by its expression and obtain

EI ((1 + 2 + Z%l) ]]‘R]M,t,Tl <a)
1+ Efzn + Ef2p,
Ey (:H'RJW,t,T1<OZ) + Ef (ZTI ILRM,t,T1 <a) + B (Z%IILRM*t'Tl <a)
L+ Efzp + Efzp,

*0 a k
JTJHZR“ M; ) [ +

Htg,Tle T [a] =

f,t,Tq
_ M [o] 4 M, [o] 4 g, ol
a Z R(;kt tTl i Z faTkltTN M, + WE*RM L Mr
This ends the proof. 0

E. Estimation of risk-neutral moments

Let us first derive a closed-form expression for LEK}.

LEK; 1,7, = COV; ((Barer, — Rpam)” MiY, )

= B ((Rvam — Rper) My, ) - M EMG ) (VI21)
Using the projection in equation (32), we obtain
* *(4 *(2 2
LEK; 7, 7, = 07, 7 (Mthf - () ) (VI22)

Let us now derive closed-form expressions for E;M (S%N and LES;.
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We can write E*MT(%N and LES; respectively as,

E;M; %rN = E; (Runay — RﬁTl,TN)g)
and
LES; = (RMt 7, M T1 TN)
= Rurery, B (RS — R% ) — 3Rz my M)
M,t,T 5 T1 M, T, T f,11,Tn £,1, TN YA Ty

ov; (
= COV; (Ruar By (Rynry — Rimry)) — 3Rpm 1y LEV.

Let us assume that the term K7, (R My T R%Tl ,TN) is a nonlinear func-

tion g of RM,t,T1 - Rf,t7T1:

By (Ryimry) — Rimry = vnan9[Ruar — Ry + vry,s (VI25)

with E} (vry |Rarery) = Ef (vry) = 0. Multiplying both sides of Equation

(VI25) by R%JJ,TI and taking the time-¢ risk-neutral expectation, we obtain,

*(3) *(2 *(3 *(2)
Mt (TN + 3th TNMt T]Zr Rf T, Tn <Mt,€111) + SRfvtyTl Mt,Tl

E; (R3 .1 9[Ryvam — Ryam))

) . (VI26)

T, Ty =

If we use g[Raren, — Rys] = Ry, We obtain

*(3 *(2
Mt TN + 3th TNM Rf T, TN (Mt,gﬁ) + 3Rf7t7T1Mt7(Tl))
E?; (R?W,t,Tl)

Y, T = (VIQ?)

62

* * *(2
RM,t7T1 ? ETl (R?W,TLTN - R?,Tl,TN)) - 3Rf:T1 »TN (C@Vt (RMyt,Tl ? MT(l ,%_'N)

(VI24)



Taking the expectation of (VI25) under the risk neutral measure,

E: (R?W7T1,TN) - R?,Tl,TN = VTLTN]E;: (R?W,t,'fﬁ) ° (VI28)

Multiplying both sides of Equation (VI25) by Ras+7, and taking the time-¢

risk-neutral expectation

E: (RM7t7T1 R?\/[,ThTN) = Rf,t,Tl R?‘,Tl,TN + ’YTl,TNE;sk (R?\/[,t,Tl) . (VIQQ)

Therefore, using Equations (VI23) and (VI24) we obtain ]EIM*T(E)TN and LES;]
as,

* * 3 * * *(2
EtMTE,)TN = vy Br (Raer) — 3Rf,T1,TNEtMT(12rN7

and
* * * *(3 * *(2 *
LESt = 7T1,TNEt (R;lw,t,Tl) - Rf7t,T1Et MT(l)TN - 3Rf,t7T1 Rf,T1,TNEt I\\/JIT(L)TJ\, - 3Rf,T1,TN]LEVt-

To compute the physical variance, we also need the following moments which

we obtain using a similar approach:

E; (Ruer — Rram)’ (Rumry — Rpmry)’ = Er (Rarer, — Rrom) Er (Rumry — Rrmory)-
(VI30)

Using expression (32)

Ey (Rumry — Rerory)’ = 0nmy (Rarer, — Rpam)” + en, (VI31)
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it follows that

E; (Rarer — Rrom)’ (Rumry — Rimry)” = 0nmn By (Raren — Rram)’ -
(VI32)

Finally,

* 2 3 * 2 3
Ef (Raer — Rpem)” (Bumoy — Bemry)” = By (Raery — Reen)” Ry oy
3 * 2
- Rf,Tl,TNEt (RM,t7T1 - Rfvt,T1)
* 2
+ 3R} g B (Rarer — Rpam)” Ry my

* 2 2
= 3Rpm rn By (R — Rpem)” Rarr 1y

(VI33)
This expression simplifies to
]E: (RM,t,T1 - Rf,t,T1)2 (RM,TLTN - Rfle,TN)S = ]E;tk (RM,t,T1 - Rf,t,T1)2 E;“l R?M,TLTN
3 *(2)
+ Rf,Tl,TN MtﬁTl

- ?)}%f,Tl,TNIEZK (RM,t,T1 - Rf7t,T1)2 M;(lz,%}v

(VI34)

Since

E7, R?M,TLTN =T, Ty R?\Lt,Tw (VI35)
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it follows that

E; (Ruer — Ream)” (Runmy — Remaw)’ = %E; (Rarer — Rpem)? Rior)

3 *(2)
+ Rf,TLTN t,11

— 3Ry By ((RM,t,T1 — Rpum)’ M;(IQ)TN>

(VI36)

where expression [E; ((RM’LT1 - Rf7t,T1)2 M*T(fng) can be derived as follows:
(Rarer, — Rpe )" Moy, = Onmy (Rarey — Rpan)'+(Rasay, — Rper) e
(VI3T)

and

£y <(RM,t,T1 — Rjimy)’ M;?%) = O0n, B} (Rarers — Rpam)' + By (Rarery — Rpom)’en

= eTlaTNE: (RM7t7Tl - Rf,t,T1)4 (V138)

F. The case with consumption: Third-order Taylor expansion-
series

Assume that (i) Assumptions | and 2 hold, (ii) the consumption-wealth
ratio is positively related to the market return and (iii) the correlation be-
tween the square of the consumption wealth ratio and the market return
is negative (condition reminiscent of market co-skewness). Under these as-
sumptions, our measure of expected excess return is a lower bound to the

true measure of market expected excess return.
[Wt’TN]

A third-order Taylor expansion of u,[ ] around X = X, gives
u t, TN
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1 (1—-p)

+— 2 (y

11 11 11 1 (1—p) 2
1 — — — S - — = _
+ (x — Xo) - +(y — yo) vor + (z — 2o) S + R (x —xo)
1 (1—p) 1 (2(1—p))
2 t 2 t
—vyo) + 5—-—>(z2—129) + X—X0) Yy -y
0) zg T} ( o) XoYo 77 ( o) 0

2
Yo T

‘*Cii)xxjx—%ﬂz—%%*cii)xsz—mﬂy—m)

+Xi%('ﬂ+w(x_x())3+z%(“t—i§t+l) (2 — 0)3+%(ﬁt—z§t+1) (v — y0)°
+%X31y0 (4 (17; pt) N 6 (k —;pt + 1)) (x - x0)* (¥ — o)
+%yglxo (4 (1Tt_2 ) + AL _;,pt - 1)) (v - }’0)2 (x — o)
3 (P2 S D g - x
%Zglyo <4 (1Tt—2 pt) n 6 (k¢ —T?pt + 1)) (2 — 202 (y — y0)
05 (G ) (=) (=0 (=0
35 (g ) o a) 435 (o) vl la-a) (Vi)
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Therefore,

(%g}

- E;,G
— 1)+ - o U
+yi% d ;tzpt) (y — yo)* + Z—lg(l Ttth)E*Tl (z —z)°
X01y0 (2 (1Tt—2 Pt)) (x - %0) (¥ — 30)
+%% (x — x0)* + zig< ift VE: (2 20)
St D (- y)
%xglyo (4 (17; ! + gl _épt * 1>> (x —x0)* (y — o)
%y%lxo (4 (1715—2 p) Ok —épt + 1)) (5 - yo) (x — x0)
%231}{0 (4(17; p) 6 —;pt + 1)) (¢ — x0) B (2 — 70)
% zgly : (4(17; p) 6 —;ptﬂ)) (v — yo) Exn (2 — i)F10)

Using Equation (6) in the main text of the paper, it follows that

UTl

E7 G
1 11 1 )
1 _ — _ e _
+ (x — Xo) - ary + (y — ¥yo) vor + 2 agt (X — Xo)
1 1 , 2
+y_§ Ly — vo)? + Z_%G’Q,t]ETl (z —20)" + — as, (X —%o) (¥ — yo)
1 TR 1
+—zasz, (x — X0)3 + —a3,E} (z — 20)3 + —as (y — YO)3
X0 Z Yo
6 1 6 1
+3| 612 3¢ (x— XO) (y —yo) + 3, a2,3,t (y — YO)2 (x — x0)
6 1 . 9 6 1 .
+— CLz 3t (X —x0)E} (2 — 20)" + o7 —5—023: (¥ — yo) ET, (z i)
3z 3! ziyo
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We then compute the expected value Ejvp, to obtain

Efvr, = 1+ (x—x) X_Oal,t+;a27tEt (X—xo)2
0
b B (3 — 30 + e R, (2 — 20 +
— - —a Z—Z
y% 2,tl8 (Y — Yo Zg 2,¢ 10y 0 S~

+Fa3,tEt (x —x0)° + ;ai%,tEtETl (z—2)" + ?a{%,tEt (v — yo)°

0 0 0
1 9 1
E (y — - —_ E (x — E: -
+y§x0a2’3’t t (Y —y0)" (x —%0) + z%x0a2’3’t ¢ (X — o) T (z
1 * *
+— as3,COV; (y7]ET1 (z — Z0)2) .
ZyYo

Notice that x —xp < 0, and the following inequalities hold: a;; > 0, as+

IN

IN

0, as; > 0, a3, > 0. Furthermore, E} (x—x0)3 < 0, E; (y—y0)3

0, Ef (x — x0)® < 0 and

Ef (x —%0) (y —yo) = COV; (x — x0,y) > 0
Ef (y - vo0)® (x — x0) < 0 (because (x —x¢) <0)
Ef (x —x0) E7, (2 — Zo)2 < 0 (because (x —xg) <0)

COV; (y,E}, (z — 20)°) = LEV; <0. (V143)

This allows us to bound Ejvp, as

Efor, < 1+ ?az,tEt (y —yo)’ + B, (2 - 7o)
0 0

1 k] 1 *
+;a37tEtET1 (Z — ZO)3 + ?agﬂg]Et (y — y0)3

0 0
1 * *
+—5—02,3,COV; (v,E7, (2 —20)”) . (V144)
ZyYo
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As a result,

1 1
>

E: vy N

(V145)
1+ 2a2tE (y - YO) +%a2,tE:E*T1 (Z_Z0)2

+%a3,t]EZ‘Ei}1 (z —20)” + isas,tEf (y —yo)°
1 * 2
+ 5255 02.5.COVy (v, B, (2 — 20)°)

Next, our goal is to bound COV; (v, y — yo) = COV; (vry, Rver, — Reery)-

We use (VI41) to compute this covariance as

C(D)V* (UTU y — YO>

11 1 9
= ——VAR;] : — —
Vo T (y) + x% —a2,COV; ((X X0)",y YO)
1 . 1 . (T
+5202:COVE (v = 0)" ¥ ~ o) + 52,COV (Ef, (2 —20)" ¥ —¥o)
0 0
2
+x0y0 a2, COVY ((x — x0) (¥ — ¥0), Y — Yo)
1 . 1 * (T
+FCL3¢C@V} ((x — X0)3 Y — yo) + ;a&tC@Vt (IET1 (z — z0)3 VY — yo)
0 0
1
"’?GS,tC@Vi ((y - YO)3 Y — YO)
0
6 1 2
+3, azstC@V (x=x%0)"(y —¥0) .y — ¥o)
6 1 2
+3, a23tC@V ((y —yo)" (x —%0) ,y — ¥0)
6 1 ¥ 2
3‘ 2 (lz 3:COV; ((X — Xo) ET1 (z—20)",y — YO)
6 1 . )
37775~ 023:COV; (v = o) B, (2 — 20)°,y — yo) -
“ZpYo

Notice that

C@V: ((X - Xo) (y - YO> Y — YO) = Ef (X - Xo) (y - YO>2 <0 (Siﬂce x < Xo)y
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and

COV; ((x = x0)* (¥ = ¥0) ¥ — ¥o) = E; (x — x0)* (y — yo)” > 0.

We assume
COov; ((X —x0),y — YO) <0 (VI46)
and
COV; ((x — x0)’,y — yo) > 0, (VI47)
COV; ((y - vo)® (x — X0),y — yo) > 0, (V148)
COVy ((x — Xo) E7, (z — zo)2 Y — yo) > 0. (VI49)

These conditions are reminiscent of the sign of coskewness and cokurtosis
when random variables of interest are return. While y — yo and z — z
are realized excess returns, x — X is a function of wealth-consumption ratio
(see (I190)-(1192)). Because coskewness is negative (see Harvey and Sid-
dique (2000)) and cokurtosis is positive (Dittmar (2002)) and the wealth-
consumption ratio is positively correlated to the market return, one should

expect (VI4T7)-(VI49) to hold.
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Under conditions (VI46)-(VI49), it follows that

C(O)Vt (UTUy - yO) Z__VARt (y) —+ —2a2’tEt (y _ y0)3
Yo Tt Y5

1 * *
+ ?@2,tC@Vt (ETl (z — Z0)2 Y — YO)
0

1 « (T
+ FQS,tC(O)Vt (ETl (Z - ZO)3 Y — y0)
0

1 x
+ —a3;,COV; ((y - YO>3 Y — YO)

Yo
1 . .
+ ——a33,COV; ((y —Yo) E7 (z — Z0)2 Y — YO) .
ZpYo

(VI50)
Combining (VI45) and (VI50) leads to

COV; [vry, Ryemy]

E;tk vy

LLVAR; (y) + as,Ef (v — yo)°

]Et (RM,t,Tl - Rf,t,Tl) =

\

Yo Tt

%a2,COV; (Ef, (2 — 20)°,y — ¥0)

+3503,COV; (B (2~ 20)° .y — yo)

+35a3,COV; ((y —y0)” .y — y0) |

v

1+ y—lgaz,tEf (y —yo)* + %aztEfE*ﬁ (z — 20)°

+%a3,tE:E§‘1 (z — 20)3 + y—lga?,,tE? (y — YO)3
* * 2
+_z31yo a2,3:COV; (y,E7 (z —20)°)
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which simplifies to

%%MI(T? + za2 M 7 +@ ) g%,tMZ%)
+%ag7t]L]EVt + %ag,tLESZ
E (Ryver — Ryemy) >

*(2 * 2 (3
1+ y—l(g)a2,tMt (Tl) 2(12 E; MTl ;N + L"’a&tMt,(Tl)

+ 5 tE*MT‘I T + s a3, LEV;

(VI51)
We, thereafter, replace yg and zy by their expressions
L 1pp@ *(3) | #(4)
Ryvmy ’%t t, T + R2 (12 tMt T1 R3 a3 tMt T
+ 5 R? o Cl2 tLEV R? ot ag tLES

E, (RM,LTl — Rf,t;rl) >

1+ R2 a/2 tMt ng) + R2 = as t]E*MT(lz%’N —+ R3 a3 tMt (T1)

+—Rs a3 tE*M?(f’)TN + m;ag,g,tmvt

f:1y,T, Fory 1y Brtmy

(VI52)
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